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Abstract

We give an explicit 16 x 16 unitary Yang—Baxter operator in the class

; 1
ir/3 4
[e . }

On C* = C? ® C?, its reflection has a five-word real Pauli-Clifford expansion. Four words
combine into an involution M, a fifth involution F anticommutes with M, and an explicit
18-word cubic certificate restricts the reflection circle aM + SFE exactly to

a? = g, B% = 1
3 3
The spectral projection has both unnormalized partial traces 214, so normalized matrix trace
induces the n = 1/2 Markov trace and a faithful representation of H,(3,6) for every n. A direct
dimension-three obstruction, together with the known dimension-two obstruction, proves that
four is minimal. Galindo and Rowell independently obtained the same local solution through
a quaternionic twisted-group-algebra construction. We identify the present matrix exactly
with a local-unitary normal form of the opposite of their Family III operator and extend the
comparison to all braid strands. Transporting known Family III results shows that the braid
images are finite and Clifford in a fixed conjugated Pauli frame. A direct scalar enhancement
and skein calculation identify the trace invariant as 2Pg(L;4,4); the Galindo-Rowell metric-
family algorithm then gives exact deterministic polynomial-time evaluation.
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1 Introduction and main result

Let V be a finite-dimensional complex Hilbert space. A unitary R € End(V ® V) is a Yang—Baxter

operator when

(Ro1ly)(ly @ R)(R®1y) = (1y @ R)(R® 1y)(1y @ R).

Lechner [6] classified the possible characters of non-involutive unitary R-matrices with two eigen-
values, up to one exceptional family. In his normalization the two eigenvalues are —1 and ¢, the

(—1)-spectral projection P has normalized trace

rank P

(dim V)2’
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and the classes left unresolved by that analysis are
- 1
{6”/3, 2 Qm] (m>1).

The class in base dimension two is empty; base dimension four was therefore the smallest unresolved
member of this remaining family.

The ordinary-localization framework and conjecture were introduced by Rowell and Wang [8].
The specific question here was highlighted in the case study of Galindo, Hong, and Rowell [1,
§5.6]. They showed that the Jones—Wenzl representations associated with C(sl3,6) have a two-
dimensional unitary quasi-localization and an 8 x 8 (3, 1)-generalized localization, but no two-
dimensional ordinary unitary localization. They wrote that the sequence did not appear to have
an ordinary localization and noted it as a possible counterexample to the Rowell-Wang localization
conjecture, restated as GHR Conjecture 1.5. Lechner isolated this family as the sole remaining case
in his classification preprint and explicitly identified it with the unknown localization arising from
the GHR C(sl3,6) case study [6, p. 16, discussion following Proposition 3.6]. The present paper
supplies an explicit operator in that family. The dimension-four construction and localization
proof are independent of Lechner’s classification; the minimality argument in Section 6 uses [6,
Lemma 3.1 and Theorem 3.4].

Note added: independent concurrent work. Version 1.1.0 of this manuscript, containing
the explicit operator and the existence, localization, and minimum-dimension results, was publicly
released on 28 July 2026." Galindo and Rowell subsequently posted an independent quaternionic
construction [3] and report having obtained and privately circulated it earlier. The works are
treated here as independent and concurrent; no claim is made about private discovery priority.
Section 8 compares the local formulas exactly, and Section 9 transfers the resulting braid and link
structures to the five-word representative.
The following is the central result of this paper.

Theorem 1.1. Let
_ ei7r/3 _ 1+ Z\/g
q= =G
There is an explicit unitary R € End(C* ® C*) such that
(R +116)(R — qli6) = 0, RiRyR1 = Ro Ry Ry,

and each eigenvalue —1,q has multiplicity eight. With the conventions Tr; = Tr®id and Tro =
id® Tr, its (—1)-spectral projection P satisfies

TI‘1(P> = TI‘Q(P) = 214.
Therefore
- 1
/3 © 4 o
[6 ) 27 } # b
and the associated tensor-space representations induce faithful embeddings
H,(3,6) < End((C*")®") (n>2).

Under the identification in [1, §5.6], these embeddings form an ordinary unitary localization of the
C(sl3,6) Jones—Wenzl representation sequence.

'Release tag exceptional-ybe-d4-v1i.1.0, published at 2026-07-28 04:10:58 UTC; artifact commit e2669c5b2£99
338c79381dc42bdbc61ee8b963c3; historical PDF SHA-256 af4ff57c4b8c5cd37£47£8a6da880b4f93b9c22d6e2908a3
ef1f6ebf5fb1d049.
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Corollary 1.2. The minimum local dimension of an ordinary unitary localization of this Jones—
Wenzl sequence is four.

Theorem 1.3 (Global braid and link consequences). Put k = ¢ — 1 = ¢*> = e2™i/3  and let
pn : By — U((CH®™) be generated by the adjacent copies of R. Then (R,14,k,2) is an enhanced
Yang—Baxter operator, with oriented-link invariant

Tr(€) = k™" O27" Tr(p,, (€)).
For the normalized HOMFLYPT polynomial used below,
Jr(L) = 2Py(L;1,1).

If ¢(L) is the number of components and da(L) = dimp, H1(X3(L);F2) for the oriented triple cyclic
cover specified in Section 9, then

Tr(L) = 2(—1)B)~1(—2)d2(L)/2,

Via the all-strand equivalence of Theorem 9.4 and the Family III results cited in Section 9, every
image pn(By) is finite, its generators are Clifford operators in a fixed conjugated Pauli frame, and
Jr s exactly computable by a deterministic classical algorithm in time polynomial in the strand
number and braid-word length.

The formula for R is given in Section 2; the matrix identities are proved in Sections 3 and 4.
Section 5 proves the full localization claim rather than only the two-site spectral statement. The
minimality argument is in Section 6. Section 7 records a generalized Yang—Baxter normal form,
Section 8 gives the quaternionic factorization and concurrent comparison, and Section 9 proves
Theorem 1.3. Section 10 records verification and provenance, and Section 11 discusses related
work, novelty, and limitations.

2 The five-word construction
Put V = C? ® C? = C*, and define the real matrices

S B (NP K BT ()

Here J = XZ = —iY, so {I, X, Z, J} is the real Pauli—Clifford basis of M(C); every tensor word
in this basis is a real signed orthogonal matrix. A word such as ZIZZ denotes Z ® I ® Z ® Z on
V ® V. Define

1 1 1 1
H=-—Z7I77 - —ZI1JJ—- —=JIZJ+ —=JIJZ
N N NG o)
1
— —_XIXX,
V3
and
-1 1 —14+12v3 3+ 11v3
R:q2 116+q; H = Z“f116+ +4“[H. (3)

Equations (2)—(3) are an exact specification of all 256 matrix entries in the computational basis.
The visible identity in the second qubit is not an ordinary two-site identity amplification of a 4 x 4
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Yang-Baxter operator: the active part uses one qubit of the first four-dimensional site and both
qubits of the second. Section 7 identifies it instead as a (3, 2)-generalized operator.
The relevant multiplication table is

X*=2z"=1, J*=-I,

X7 =J=-7X, XJ=7=-JX, JZ =X=-Z].

Thus every product of tensor words reduces to a signed word over {I, X, Z, J}.

3 A circle of reflections
The five terms in (2) have a compact algebraic explanation. Set

A=7177Z, B=Z1JJ, C=JIZJ, D=JIJZ, E=XIXX
and

—-A-B-C+D

M =
2

(4)

Lemma 3.1. The operators A, B,C, D, E are real symmetric involutions. The first four commute,
D = ABC, and E anticommutes with each of A, B,C,D. Consequently

M? = E? = 14, ME = —EM.

For real o, 3,
H(a,B) = aM + BE

satisfies
H(a, 8)? = (o 4 5)156.

Proof. The word multiplication table gives every stated commutation relation and D = ABC. One
may also prove M? = 1 without expanding. Simultaneously diagonalize A, B, C, and let their joint
eigenvalues be x,y, 2z € {£1}. Since D = ABC, the eigenvalue of M is

—r—Yy—z+xYz
2

e {£1}.

The anticommutation M E = —FEM then makes the cross term in (aM + BE)? vanish. O

Remark 3.2 (Graph-phase form). If z = (—1)%,y = (—1), 2 = (—1), then

T —y—z+tayz _ _(_1)ab+ac+bc'
2
Thus in the joint stabilizer eigenbasis, M is the negative phase associated with the triangle graph,
while F flips all three syndrome bits. This explains the four-plus-one support in (2); no graph-state
formalism is needed in the proof.
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4 The cubic certificate and Yang—Baxter equation
For any K € End(V ® V), write

Ki=Koly, Ky=1y®K.
The Yang—Baxter equation for (3) will follow from a cubic identity for H.

Proposition 4.1. On the unit circle o® + 5% =1,

H(a,B)1H (v, B)2H (e, )1 — H(cv, B)2H (v, )1 H (cv, B)2 = %(H(aﬁh — H(a, 3)2) (5)

if and only if

In particular, the four signed points with these squared coordinates are exactly the solutions on this
reflection circle.

Proof. Reduce the left side of (5), minus its right side, in the six-letter word basis. Exactly the
following 18 words survive:

coefficient words

—a(382-1)/6 11J1JZ, JIZJII, ZIJJII, ZIZZII
+a(382 —1)/6 11JIZJ, 1[1Z1JJ, I1Z1ZZ, JIJZII
—B(3a® -33%-1)/3 IIXIXX

+B(3a% —33% -1)/3 XIXXII

+a(a? —2p%)/2 JIJZXX, JIZJXX, XIJXZJ, ZIZZXX
—a(a? —26%)/2 X1JXJZ, XIZXJJ, XI1ZXZZ, ZIJJXX

This is a finite certificate: each row follows by repeated use of the displayed 2 x 2 multiplication
table. Since {I, X, Z,J} is a basis of My(C), its sixfold tensor words form a basis of End((C?)®9).
Hence the residual vanishes if and only if every displayed coefficient vanishes. On o? + % =1,

o —26%=1-352% 30 — 382 —1=2(1-38%.

Hence all coefficients vanish when 382 = 1. Conversely, if o = 0, the coefficient of IIXIXX is
48/3 # 0. If B = 0, the coefficient of I1JIJZ is a/6 # 0. If aff # 0, the first coefficient group
forces 33% = 1, and the unit-circle condition then gives o = 2/3. The claim follows. O

2 1
OZZ\/;, 5:_%

in H(o, ) gives exactly (2). Lemma 3.1 and Proposition 4.1 therefore give

Choosing

* 1
H" =H, H? = 144, H1H2H1—H2H1H2=§(H1—H2)- (6)

Every word in (2) contains a traceless factor, so Tr H = 0. The eigenvalues +1 and —1 thus both
have multiplicity eight.
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Proof of the matrix part of Theorem 1.1. Put

so R =al+ bH. Since HZ2 =1, direct expansion gives
RiRyRy — RoR Ry = b [a®(Hy — Hy) + b*(H1HoHy — HoHi Hy))
But ]
e_gq-1_ ¢
b gq+1 V3
so a? + b?/3 = 0. Equation (6) proves the Yang-Baxter equation.
On the +1-eigenspace of H, R = a + b = ¢; on the —1-eigenspace, R = a — b = —1. Therefore

(R+1)(R—ql1) =0, R*'R=1,
with both eigenvalues of multiplicity eight. The (—1)-spectral projection is

_116—H

P ;
2

so P = P* = P? rank P = 8, and n = 8/16 = 1/2. Finally, each word in H has a traceless factor
on each four-dimensional site. Hence

Tl"l(H) = TI"Q(H) = 0, Trl(P) = TI'Q(P) = 214.

5 The full localization statement

Galindo-Rowell also establish strict localization in local dimension four [3, §13]. This section and
Section 6 retain the independent direct proofs in public version 1.1.0, including scalar partial traces,
the kernel-annihilator equality, and the explicit dimension-three obstruction.

We now verify that the construction localizes the whole Jones—Wenzl tower, not merely its two-
site generator. Let Hy(q) be the specialized Hecke algebra of type A,,_1, generated by g1, ..., gn—1,
with the braid and far-commutativity relations and

(9: +1)(9i — q1) = 0.
Its idempotent generators e; are related to the braid generators by
9i =ql — (1 +q)e;.
The Yang-Baxter and Hecke relations define a representation
pn : Hy(q) — End(VE"), pn(9i) = R, pn(ei) = B

Let
(T) = 47" Tr(T)

be normalized matrix trace.
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Equip H,(q) with the conjugate-linear involution
e; = e, equivalently g =g

Since P; = P} and R; is unitary, each p, is a unital *-representation. If ¢, : H,,(q) = Hy,y1(q) is

the standard inclusion, then
Prt1(in(2)) = pn(x) ® 14 (7)
For the n = 1/2 Markov trace, write

Ann,, = {ZL‘ € Hy(q) : trg%(y:ﬁ) = 0 for every y € Hn(q)} .

Proposition 5.1. The traces 1, o p,, are the Markov traces with parameter n =1/2:

Tnt1((on (@) ® 14)Pp) = %Tn(Pn(if)) (z € Hn(q))- (8)
For every n,
ker p, = Ann,, .

Consequently p, induces an injective representation of the semisimple quotient
H,(3,6) = H,(q)/ Ann,, .
Proof. Taking the partial trace over the last tensor factor and using Tra(P) = 214 gives

Tn1((pn(7) @ 14)P) = 4= D) Tr(pn(x) Trpi1(Pn))
1

— 4~ (n+1) 2Tr(pn(x)) = iTn(pn(x))

Moreover,
Tot1(0n(7) ® 14) = T (pn(2)),

so the traces are consistent under the standard inclusions. Together with normalization and tra-
ciality, this is the defining Markov property. Uniqueness of the Markov trace with prescribed

tr{)(e;) = 1/2 identifies it with the trace defining H(3,6) [10, Eq. (3.2)]. Explicitly, in the
normalization used for this quotient,
1-— q_2 1 im/3
6,3 = T qg=c .
(1+q)(1—g3) 2

This is the Wenzl Markov parameter for H,(3,6). GHR §5.6 identifies this quotient tower with
the C(sl3, 6) Jones—Wenzl sequence, and Theorem 5.28 uses that identification for its generalized
localization.

The equality 7, o pp, = tI‘Y/g now gives both kernel inclusions explicitly. If z € Ann,,, then

© € Ann, = 0 = tr{))("2) = 7 (pn(2)" pu(2))

= pp(x) =0,
because normalized matrix trace is faithful. Conversely, for every y € H,(q),

pu(a) =0 = tr") (yz) = T (pn(y)pu(z)) = 0,

so x € Ann,. Thus the kernel is exactly the annihilator and the induced map on the quotient is
injective. O
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Remark 5.2 (Conventions in GHR §5.6). The published text of GHR §5.6 uses two g-normalizations:
its opening paragraph prints ¢ = e2™/3, whereas the braid eigenvalues and Theorem 5.28 use
g = e¥™/% We use the latter eigenvalue normalization. The proof of Theorem 5.28 also prints
n=(1-¢2)/(1+¢*), whose denominator vanishes at this value. The Wenzl parameter used in
Proposition 5.1 is 763 = 1/2.

Equation (7) and Proposition 5.1 give the quotient-tower compatibility explicitly:

2 € 1y (Anny ) <= ppyi(en(z)) = 0
— pp(x) @14, =0
< pp(x) =0
< x € Ann,, .

Thus the inclusions descend to the semisimple quotients and give the commuting square

Hy(3,6) —"—  Hpy1(3,6)

ﬁnl J{pn#»l

End(Ven) 1212, ghqyem+)
Galindo, Hong, and Rowell recall the braid-equivariant isomorphism
Cpx(By) = Ende(X®™) & H,(3,6)

for the simple tensor generator X of C(sls, 6), with FPdim(X) = 2 [1, §5.6]. Since the braid image
is the entire algebra being localized, the compatible quotient embeddings above are precisely the
injective algebra maps required by [1, Definition 1.3]. Equivalently, by [1, Proposition 4.12 and
Definition 4.13], they define an ordinary unitary Hilb-localization of the Jones—Wenzl sequence.

Corollary 5.3. The Rowell-Wang localization conjecture [8, Conjecture 3.1, p. 601/, as restated
in [1, Conjecture 1.5], holds for the simple tensor generator X of C(sls,6): one has

FPdim(X)? = 4,

and the associated Jones—Wenzl sequence admits an ordinary unitary localization. Hence the case
singled out in [1, Remark 6.2(2)] is not a counterexample.

Proof. Theorem 1.1 supplies the asserted localization, and GHR §5.6 gives FPdim(X) = 2. This
does not contradict [1, Theorem 5.27]: that result excludes a fiber functor by showing that one
would force a localization of dimension exactly FPdim(X) = 2, whereas the present ordinary
localization has local dimension four. O

6 Minimality and amplification

Proof of Corollary 1.2. A one-dimensional local space cannot carry the required two-eigenvalue
generator. Galindo, Hong, and Rowell prove that no two-dimensional ordinary unitary localization
exists [1, Lemma 5.26]. That lemma quotes the two-dimensional classification up to an overall
scalar: a representative with spectrum {—yx, xq} is normalized by multiplication by x~!, which
leaves its spectral projection and Markov parameter unchanged.
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It remains to exclude local dimension three. Suppose such an ordinary unitary localization
existed, with local braid operator F' € End(C3 ® C3). Since a localization intertwines the braid
generators,

(F + 19)(F - q]_g) =0.

Injectivity at two strands rules out either spectral projection vanishing, so both eigenvalues —1
and ¢ occur. Thus F belongs to one of the dimension-three Hecke classes in [6, Theorem 3.4].
At ¢ = /3] the possible Markov parameters are 1/3,1/2,2/3. The value 1/2 is impossible
in dimension three because it would require a projection of rank 9/2. By [6, Lemma 3.1], the
normalized matrix character of each such Hecke operator is the corresponding positive Markov
trace.
We now exclude the two remaining parameters directly. In Hs(g), put
q 1

Czwzg, T:€1€2€1—C€1.

The projection-form Hecke relation is

erege] — ezeren = c(eg — e2).
For the Markov trace tr%‘g) with tr%g) (e;) = n, multiply the displayed projection-form Hecke relation
on the right by es. Cyclicity and the Markov property give
tr£73)(elegeleg) = trgf’)(egeleg) + ctr%g) (e1e2) — ctrgf’)(eg)

=% —cn+ o
while cyclicity and e? = e; give
tr,(?3)(6162616261) = tr,(73)(61626162).

Consequently,
(1T = trlP (erezeren) — 2en” + *n

=1 —¢c)n(n—c).

Thus a parameter-1/3 candidate kills T": its normalized matrix trace is faithful on its image, while
the displayed squared norm is zero. In the target n = 1/2 quotient, however,

tr(g)

N 1
1/o(T°T) = — >0,

18

so T is nonzero. In particular, the constructed n = 1/2 Hecke representation does not factor
through the Temperley-Lieb quotient.

For the remaining case put f; = 1 —e;. The complemented projections satisfy the same relation
with the same ¢, since

fifafi = fafifo = —(e1e2e1 — ezerez) = c(f1 — fa).

Their Markov parameter is 1 — 7, because for € H,(q),

try (2 fn) = try(x) — try(ze,) = (1 —n) try,(x).
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At n = 2/3, therefore, the candidate kills

Tt = fifafi — cfi,

whereas in the target quotient

. 1
), (1) T) = = > 0.

Neither dimension-three candidate is faithful. Theorem 1.1 supplies dimension four. ]
There is also an immediate infinite family. For vector spaces V, W, let ¥o3 : (V @ W)®2 —
V&2 @ W2 exchange the middle tensor factors. For R € End(V®?) and S € End(W®?), define

the reshuffled tensor product
RXS =% (R® S)%as.

Taking S = 1yye2 with W = C™ gives a unitary Yang—Baxter operator on the base space V&@ W, of
dimension 4m [6, §3]. Its two eigenvalues and normalized spectral rank are unchanged. Therefore

[ei“/3, ;,4m} 2@ (m>1). (9)

This does not settle the remaining base dimensions 6, 10, 14, . . ..

7 A (3,2)-generalized normal form

The visible identity in the second qubit of every word in (2) does have a precise chain-level inter-
pretation: after a within-site coordinate swap the chain-level structure becomes explicit. We use
the generalized braid placement of [1, Eq. (3.9) and Remark 3.10(2)] and the associated tower and
localization conventions of [1, Example 4.23 and Definition 4.24]. Write the i-th four-dimensional
site as

V; =C2 ®Cj,

let ¥q(u ® v) = v ® u be the within-site qubit swap, and put
U, = Eff”.
In the factor order obtained after applying U,,

(bla ai, b?)CL?) . ')7

define ) +1
q— q
1 K
g I8t o RH

K =

d
" ZZZ+2J7+JJZ-JZ] XXX

V6 V3

Let pgg) denote the standard braid representation generated by the adjacent copies of R.

Ky =

Proposition 7.1. The two-site operator factors after the sitewise swap as

UQRUS = 1b1 &® Kahbz,az'

10
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The operator K € End((C?)®3) is unitary and satisfies the (3,2)-generalized Yang-Baxter equation
(K114 K)(K®1y) = (140 K)(K ®14)(14 ® K) (11)

on (C2)®5 together with far commutativity. If pg) denotes the resulting (3,2)-generalized braid
representation, explicitly

then for every n and every x € CB,,
Unply @)Uy = 1o, © pi¢ (a).

Moreover, for the standard inclusion v, : CB, — CByy1, the placement formula gives

n+1 n
Pt (1n(2)) = P32 () ® L.
Consequently K gives a faithful unitary (3, 2)-localization of the tower {H,(3,6)},>2.

Proof. Conjugating the five words in (2) by U, puts the identity factor first and leaves exactly (10)
on (ai, by, az). This proves the factorization and unitarity. On a chain, adjacent copies of K act on
triples shifted by two qubits. After factoring out the global spectator by, the ordinary Yang—Baxter
equation (1) is precisely (11); nonadjacent triples are disjoint, so far commutativity holds. The
displayed chain conjugacy follows generator by generator. The same placement formula gives the
displayed compatibility with ¢,,. Tensoring by a spectator identity does not change the kernel, and
Proposition 5.1 proves faithfulness on H,(3,6). O

Equivalently, any (3, 2)-generalized operator K on W®3 blocks into an ordinary operator 1y ®
K on the local space W @ W, in the displayed ordering; the ordinary braid relation is 1y tensored
with (11). This elementary blocking observation explains why the present 8 x 8 active operator
yields a 16 x 16 ordinary one.

There is an exact tensor-structural distinction from the known operator K éef{lR in [1, Eq. (5.2),
Theorem 5.28, and Remark 5.29(1)]. For an operator L on three qubits, define

V(L) = (L ® 13m)(1em @ L)(L @ 1ym)
— (1om ® L)(L ® 19m)(12m ® L).

Direct exact calculation gives, with || - || the Frobenius norm,
1PN 19201
K&ir 0 48
K 24 0

The two nonzero values occur in different ambient matrix dimensions; only their vanishing or
nonvanishing is used here. Thus the displayed GHR operator is of type (3,1), while the present
operator is of type (3,2). The distinction concerns tensor placement, not the two matrices as bare
normal operators: they have the same two eigenvalues with the same multiplicities and hence are
unitarily similar after forgetting tensor structure. The (3,2) shift is what permits the spectator
blocking 15 ® K into an ordinary operator on the local space C? ® C?; the GHR operator does not
yield this ordinary blocking in its displayed (3, 1) tensor structure.

GHR also records a different (3, 2) operator in Example 3.14. Its two eigenvalues have projective
ratio i (up to inversion), whereas the ratio for K is —q = e~2™/3 (up to inversion), so it is a different
spectral class. In particular, being of type (3,2) is not by itself the distinctive feature here; the
relevant structure is the exceptional Hecke spectrum together with a faithful localization of the
H,,(3,6) Jones—Wenzl tower.

11
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8 Quaternionic factorization and concurrent comparison

The Pauli—Clifford reflection admits an intrinsic quaternionic factorization. This both explains its
relation to Family III in the concurrent work of Galindo and Rowell and gives an exact bridge
between the two explicit local formulas. To distinguish the operator in this section from the
eight-dimensional generalized operator K& above, write Rk := R.

Proposition 8.1 (Intrinsic Family III form). With M, E as in Lemma 3.1, define
A=—ivV2M, B =iF,

and
A+ AB A — AB

U
K 9 2

Then
Ug = V2 = —135, UxVk = —VkUk = B,

and Uk, Vk are skew-Hermitian unitaries:

Ul =-Ux, Vi=-W,  UlUx=ViVk=1s4.

Moreover,
Uk + Vi + UxVk = —ivV/3 H. (12)
If ¢ = e™/6, so that ¢ = (2, then
Rx = %(116+UK+VK+UKVK)- (13)

Thus the five-word representative has the abstract quaternionic Family III form used in [3, §13].
Proof. Lemma 3.1 gives
A? = —21, B2 = -1, AB = —BA.

Write Ux = $A(1+ B) and Vk = 3A(1 — B). Since (1 + B)A = A(1 F B), direct multiplication
gives the two squares and UxVkg = B = —VgUk. Since M and E are Hermitian, A and B are
skew-Hermitian. The displayed formulas for Uk, Vi, together with AB = —BA, show that they too
are skew-Hermitian; their squares then prove unitarity. Moreover,

Uk +Vk +UkVk =A+B=—ivV2M +iE = —iv/3 H,

where the last equality uses H = /2/3M — E/+/3. Finally i¢ = ¢ —1 and V3¢ = ¢+ 1, so
substituting (12) into (13) yields Equation (3). O

We now encode the Galindo—Rowell local operator from their literal tensor placements. On
W = C? ® C?, set

Pr=(I02Z)0((ZoI), Px=Xol)oXoX),
i©
2

These are the formulas in [3, §13], not the older 8 x 8 operator K&} from GHR Equation (5.2).
Let ¥(z ® y) = y ® x swap the two four-dimensional sites.

U =1iPy, V =iPx, Rer= 21+ U+V +UV). (14)

12
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Proposition 8.2 (Exact comparison with Galindo-Rowell). Let g, c1 be the standard basis of C2.
In the ordered basis (€9 ® €¢,60 ® €1,61 ® €0,61 ® 1) of W, the matrix

24+ V2 —iv/2 iv2 2—-42
1 V2 i(2+V2) i(2—-+v2) =2
41-(2-v2) —iV2 V2 —(2+V2)
V2 i2-V2) i2+V2) V2

S =

is unitary and satisfies
Rk = (8T ® ST) ZRGrX (S ® 9). (15)

Hence Ry is a local-unitary normal form of the opposite operator Rgr 21 := Y Rar.

Proof. Exact row inner products give SST = 14, hence S1S = 1,. For
C(T)=(ST@SHETE(S® S),
substitution of the displayed matrices gives
C(U) = Uk, C(V) =W, CUV) = Uk Wk.

Applying C to (14) and using Proposition 8.1 proves (15). All entries in these finite products lie
in Q(\/i, \/g,i); the independent exact verifier in the source package checks the three generator
identities as well as the resulting operator identity. O

Equation (15) includes a site reversal. The transformation R — 3 RY preserves the Yang—
Baxter equation, so the opposite is again a Yang—Baxter operator. Galindo—Rowell’s stated local-
equivalence relation permits a unit scalar and a common local basis change [3, §2], but does not
include this site reversal. Proposition 8.2 therefore proves local-unitary equivalence to the opposite
operator Rgr21- It does not determine whether a direct local-unitary equivalence to Rgr also
exists. The two formulas represent the same underlying local solution up to opposite and local
basis change. This comparison is separate from the preceding residual table for K¢z, which
distinguishes the displayed (3,1) and (3,2) generalized tensor placements.

9 Finite braid images and the enhanced link invariant

We now pass from the exact two-site comparison to the full braid representations and to the link
invariant in the normalization of the five-word matrix. Put

k=q—1=q> = e¥i/3

Propositions 9.1-9.3 are direct calculations from the displayed five-word operator and its scalar
partial traces. Theorem 9.4 promotes the local opposite comparison to all strands. Corollaries 9.5—
9.7 transfer the known Family III consequences, while Corollary 9.8 records the classical Lickorish—
Millett identification.

Proposition 9.1 (Scalar enhancement). The quadruple
(R7 M, &, ﬁ) = (Rv 143 K, 2)

is an enhanced unitary Yang—Baxter operator in Turaev’s convention. Its oriented-link invariant
18

Tr(€) = k" O27" Te(pa (), € € Ba, (16)

13
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where Tr is the ordinary unnormalized trace on the 4™ -dimensional tensor space and wr is the braid
exponent sum. In particular, Jr(Q) = 2. Since p = 14, the factor u®" in Turaev’s general trace
formula is 14 and is suppressed in (16).

Proof. Equations (3) and (6), together with the partial traces computed in the proof of Theorem 1.1,
give

Trl(R) = TI‘Q(R) = 2%14.

The spectral decomposition also gives

-1 -1
g —1 g +1
1 H.
5 16 + 5

1 1

Since ¢7- —1=kx"",

Try(R7Y) = Tro(R7Y) = 2611y,

Turaev’s enhancement conditions are
R(p@p) =(p@pR,

Tro(R(p® p)) = aBp,  Tro(R™H(p@p)) = o™ B

[9, §§2.2-2.3]. They hold with the displayed scalars; the commutation is immediate. Turaev’s
trace formula and Markov theorem then give (16) [9, §§3.1-3.2, especially Theorem 3.1.2]. For the
closure of the identity in By, this is 271 Tr(14) = 2. O

Proposition 9.2 (HOMFLYPT specialization). Let Py be the normalized HOMFLYPT polynomial
in the convention
aPu(Ly) —a 'Py(L_) = zPy(Ly),  Pu(Q)=1.

Then
Jr(L) = 2Pu(L;1,4). (17)

Consequently Jgr is invariant under mirror image, and the c-component unlink has value 2.

Proof. Multiplying the Hecke relation by R™! yields
R—qR™ ' = (¢—1)115 = kl6. (18)

Apply ordinary trace to braid closures that differ only by R, R~!, or the identity at one crossing.
Accounting for their writhes in (16) gives

Tr(Ly) — g2 Tr(L-) = Tr(Lo).
Because k = ¢2 and ¢° = —1,
gvt=q" =1,

and hence

Jr(Ly) + Ir(L-) = Jr(Ly). (19)

At (a, z) = (i,1), the displayed HOMFLYPT relation is exactly the same relation. Its normalized
skein characterization and Jg(()) = 2 prove (17). The relation (19) is symmetric under interchange
of positive and negative crossings, giving mirror invariance. The unlink value follows either from
the standard split-union factor or directly from (16). O

14
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Proposition 9.3 (Local order and twist periodicity). One has
RP=-115, R°=14.
If L, = am\y, with the other braid factors fized, then

JR(Lm+3) = —jR(Lm)a jR(LerG) = jR(Lm)'

Proof. The eigenvalues of R are —1,¢, and both have cube —1. This proves the two operator
identities. Replacing m by m + 3 multiplies the represented braid by —1 and increases writhe by
three. Since x® = 1, the writhe factor is unchanged, proving the first formula; the second follows
by iteration. This is periodicity within a local twist family, not an identification of the full braid
image group. ]

Theorem 9.4 (All-strand equivalence). Let pX and pG® denote the braid representations generated
by Rk and Rgr, respectively, and put S, = S®". Let Rev,, reverse the order of the n four-
dimensional tensor sites, and let 0,, € Aut(B,,) be defined by 0,(0;) = op—i. Then

ReVnSnpg(f)S;rLReviL = pSR(Gn(g)) (5 € Bn) (20)

Moreover, for the Garside half twist

put
D, = pSR(A,), U,, = DI Rev,S,.

Then
UnpK (UL = piR(€) (£ € By). (21)

Thus the image groups are unitarily conjugate and ordinary traces agree on the same braid word.
Proof. Equation (15) is equivalent to
(S® S)Rk (ST ® ST) = XRarY.

Conjugating a two-site block by the global site reversal reverses its two internal sites and moves
positions (4,7 4+ 1) to (n —i,n — i+ 1). The two reversals cancel, so generator by generator

Rev,,Snpk(a;)SIRev], = pS%(0,_4).
This proves (20). The standard half-twist identity
AnO'iAgl = Op—i

says 0, = Ada,. Hence the right side of (20) is D, pS®(¢ )Dib; conjugating by D}, proves (21). The
local comparison includes an opposite, but the Garside conjugation removes the reflected generator
indices at the level of the complete n-strand representation. It does not establish a direct two-site
local equivalence without the opposite. ]

Corollary 9.5 (Finite images and a Clifford frame). For every n > 2, the group ps(B,) is finite.
It is Clifford with respect to a fized conjugated Pauli frame. In particular, the images are not dense
in the ambient unitary groups and are not computationally universal by braiding alone in the usual
density-based sense.

15
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Proof. In the Galindo—Rowell realization, U = ¢P; and V = iPx for the Hermitian Pauli words
n (14). Since i¢ = &,

Ron = K (1\‘/F§U> (1;;/) _ pimPz/4inPx [4

Each factor is a Pauli quarter-turn and hence normalizes the Pauli group; this is the Family III
Clifford structure of [3, Proposition 8.1]. If Py, is the standard Pauli group on the 2n qubits, then
the original generators normalize the uniformly conjugated frame

(RevnSn)TPQn(RevnSn).

The need for the conjugated frame is concrete. Using the standard Hermitian Pauli Y = ¢J and
writing XIII = X ® I ® I ® I, exact conjugation gives

1
RK(XIII)RI( = —(YIYY -YIYZ+YIZY -YIZZ

2v2

—ZIYY + ZIYZ — ZIZY + Z1ZZ).

The eight Pauli words are distinct, so Rk does not normalize the standard computational Pauli
group; its Clifford statement is specifically relative to the displayed conjugated frame. No assertion
that S itself is a standard computational Clifford operator is needed. Finiteness of the quaternionic
braid image is [7, Theorem 3.1]; after the finite-order scalar normalization, it also follows in the
broader Family IIT framework from [3, Theorem 8.4]. Theorem 9.4 transfers it to pX. O

Corollary 9.6 (Quaternionic tower). Under the all-strand equivalence, the localized quotient is
the braid-generated subalgebra of the explicit quaternionic twisted-group-algebra tower, where s;
denotes Rowell’s quaternionic braid generator:

H,(3,6) = (s1,..., Sn_1>a1g C A (Qsg).
The full tower algebra has the normal basis

€1 61 €En—1 6 —1
uft ot o €,0; € {0,1},

and
dimg A, (Qs) = 4™ 1.

Proof. The basis and dimension are the literal construction in [3, §13.1]. The identification of the
braid-generated subalgebra with H,,(3,6) is [7, Lemma 3.2, p. 176]. This does not identify H,(3,6)
with the full 4" !-dimensional tower algebra. O

o~

Corollary 9.7 (Exact classical evaluation). Given £ € By, the value Jr(&) is exactly computable
by a deterministic classical algorithm in time polynomial in n + ||.

Proof. For Family IIT with the fixed metric group A = Z/2Z, [3, Theorem 7.10] gives an exact
deterministic algorithm, polynomial in strand number plus braid-word length, for the coefficient-
trace invariant. To match normalizations, put

1
ro=r""Ror = 5(1+U+V+UV).

16
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If €, is their identity-coefficient functional and ®,, the Pauli realization, then [3, Theorem 7.3]
gives
Trod,, = 4"¢,,.

Because preg (&) = 8" E®,,(pr, (€)), its enhanced trace is 2", (pr, (€)), exactly the invariant cov-
ered by that theorem. The same-word equivalence (21) transfers the algorithm to Rk. This com-
plexity statement comes from the cited algorithm, not from the exponentially growing dimension
in Corollary 9.6. O

Corollary 9.8 (Triple cyclic branched cover). Let L be an oriented link with ¢(L) components.
Let ¥3(L) be the connected triple cyclic cover of S* branched over L, obtained by completing the
cover of S3\ L associated with the homomorphism that sends every positively oriented meridian to
1€Z/3Z. Put

dg(L) = dimF2 H1 (E3(L),]F2)

Then do(L) is even and
Jr(L) = 2(=1)" W71 (~2)®0)/2, (22)

Proof. Lickorish-Millett normalize their polynomial Py (¢, m) by
Po=1, APy, +0'P, +mPp, =0.
Their Theorem 2, together with the parity-preserving dimension calculation in its proof, gives
da(L) € 27, Pr(1,1) = (_2)d2(L)/2

[5, Theorem 2 and pp. 353-355]. In an oriented skein triple, ¢(Ly) = ¢(L_), while ¢(Lg) differs by
one. Therefore

QL) = (=1 =py(L,1)

satisfies Q(L4+) + Q(L-) = Q(Lo) and Q(O) = 1. Comparison with the normalization in Proposi-

tion 9.2 gives
Pu(L;i,i) = (_1)C(L)—1(_2)d2(L)/2‘

Equation (17) proves (22). This is the classical Lickorish-Millett evaluation; the point here is its
exact identification with the invariant of the displayed five-word matrix. O

For orientation and crossing conventions, the exact matrix trace gives the following small checks:

closure JIr

1 € B; (unknot) 2

1 € By (two-component unlink) 4
0i? € By (Hopf links) -2

o3 € By (trefoils) —4
(01051)2 € B3 (figure-eight knot) —4
(01051)3 € B3 (Borromean rings) 2

These values agree with (22); the positive and negative closures also illustrate mirror insensitivity.
For the B3 rows, o1 and o9 act by the adjacent placements R ® 14 and 14 ® R, respectively.

17
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10 Verification and provenance

The source package supplies five supported exact-verification routes:
1. a hardened SymPy matrix verifier based on the original discovery-era checker;
an independently written standard-library matrix verifier over Q(v/2,v/3,1);

a matrix-free Pauli-word verifier for the complete 18-word certificate in Proposition 4.1;

Ll

an independently encoded verifier for the intrinsic quaternionic form, the literal Galindo—
Rowell operator, the site swap, and S; and

5. a braid-and-link verifier that rechecks the intrinsic factorization, S-unitarity, and two-site
comparison, then checks the scalar enhancement, matrix skein identity, local order, two- and
three-strand link values, the standard-frame non-Clifford witness, Pauli quarter-turns, and
the global reversal and Garside conjugacies at n = 3, 4.

Together these routes check the displayed matrix identities, partial traces, both dimension-three
obstructions, the six-dimensional three-strand Hecke image, the generalized operator and far com-
mutativity, the exact residual comparison with K&}y, and the finite identities in Sections 8-9. All
comparisons are exact. Negative tests deliberately alter coefficients, tensor placements, the local
unitary, the quarter-turn order, (, k, the writhe factor, the skein sign, a reversed generator index,
and the Garside word. The README records the commands and scope. These finite checks do
not replace the printed tower-faithfulness and all-strand conjugacy proofs, Lechner’s classification
input, or the literature-based interpretation of the concurrent and topological results.

The five-word support was originally found by an Al-assisted structured numerical search in a
real Pauli—Clifford basis. The discovery code and random seeds were not retained. Accordingly,
this paper makes no claim that the search was reproducible, exhaustive, or established uniqueness.
The generative-Al systems identified in the declaration below were also used for mathematical
exploration and derivation, adversarial proof analysis, verifier development, literature support,
and manuscript preparation. Every theorem claim is supported by the printed derivation, and the
finite identities are checked by the exact programs. No conclusion depends on accepting model
output as evidence or reproducing the original numerical search.

11 Related work, novelty, and limitations

Rowell and Wang introduced the localization framework and conjecture [8]. Galindo, Hong, and
Rowell then studied the C(sl3,6) sequence, excluded ordinary local dimension two, and supplied
quasi- and (3, 1)-generalized localizations, but no ordinary dimension-four operator [1, §5.6]. Row-
ell’s quaternionic model and the unitary-braided-vector-space literature are foundational prior
art [7, 2]. Lechner later identified [¢'™/3,1/2,2m] as the remaining existence family up to braid-
character equivalence and stated that its dimension-two member is empty [6, p. 16, discussion
following Proposition 3.6].

Galindo and Rowell independently realized the same exceptional local class and proved faithful
strict localization of H,(3,6) in local dimension four, the smallest dimension in Lechner’s excep-
tional family, using a quaternionic twisted-group-algebra tower [3, §13]. Their construction is
substantially broader in its classification setting. The present proof architecture is different: it
gives a five-word real Pauli—Clifford representative, reduces the braid relation to two anticom-
muting involutions, prints the complete 18-word cubic certificate, derives the Markov trace from

18
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scalar partial traces, proves the dimension-three obstruction directly, and exhibits the active (3, 2)-
generalized normal form. Proposition 8.2 supplies an exact bridge to their Family III formula, and
Theorem 9.4 extends it to every braid word.

The public and reported private chronology is recorded in the Note added in the Introduc-
tion; the papers are treated throughout as independent and concurrent. The finite-image, Clifford,
twisted-tower, and classical link-evaluation phenomena are known for the quaternionic representa-
tion. The contribution here is their exact transfer to, and transparent derivation from, the sparse
five-word representative, including its scalar enhancement and matrix-trace normalization. No
new HOMFLYPT evaluation, branched-cover theorem, or all-n finite-image group classification
is claimed. The result does not classify the exceptional family in every even dimension or prove
uniqueness. The comparison theorem concerns the 16 x 16 ordinary Family III operator Rggr, not
the older 8 x 8 generalized operator KéeII{IR.

Data, code, and source availability

The source, exact verifiers, frozen outputs, checksums, and audit materials for this edition ac-
company the manuscript in a deterministic version 1.2.0 package identified by the version-specific
Zenodo DOI doi:10.5281 /zenodo.22013710 [4]. The preceding version 1.1.3 package remains perma-
nently archived at doi:10.5281/zenodo.21971507; it is not overwritten by this revision. The main-
tained project page provides the public manuscript and verification links. No empirical dataset
was generated or analyzed.
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