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Abstract

We give a negative answer to Kurose’s Question 3(e) in the 1998 collection Open Problems
in Affine Differential Geometry and Related Topics. For the product S?(1) x R with its product
metric and Levi—Civita connection, every radial orthogonal distribution in that question is
integrable, but the dual statistical structure is nowhere locally 1-conformally flat. Integrability
follows from the first variation of energy; nonflatness follows from two curvature evaluations. A
conformal metric and projective connection change also give an example with nowhere zero cubic
tensor. The same obstruction works in every dimension at least three. The proof is independent
of computation. Historical priority is unresolved; no claim of a first resolution is made.

1 The question and the counterexample

A statistical manifold (M,V,h) consists here of a positive-definite metric h and a torsion-free
connection V such that Vh is totally symmetric. The dual connection V* is determined by

XY, Z) = h(VxY, Z) + WY,V Z).

Fix p € M and a V-convex neighborhood U of p. For ¢ € U\ {p}, let 74 : [0,1] — U be the affinely
parametrized V-geodesic from p to q. Set

DP = {w € TyM : hy(3,(1),w) = 0}. 1)

Only the velocity line matters, so a regular reparametrization does not change this distribution.
Question 3(e) of [1, p. 126] asks whether integrability of every distribution (1) implies that
(M,V*, h) is 1-conformally flat. This is the printed question indexed as AMR-059-0011 (6000011).
It excludes the center p and does not exclude Levi-Civita connections; item 3(a) explicitly treats
those as statistical structures.
Following [2, p. 428], a 1-conformal change is

h=efh,  VxY =VxY —h(X,Y)grad, ¢. (2)

The structure is 1-conformally flat if such a change makes V flat locally at every point. This is
a condition on the statistical connection, distinct from ordinary conformal flatness of h. We use
R(X,Y)Z =VxVyZ —-VyVxZ -V xyZ.

Theorem 1. Let M = S?(1)xR, h = g52(1)+dt2, and NV = V". Every distribution (1) is integrable,
for every center and every convex neighborhood on which it is defined. Nevertheless (M,V*, h) is
not 1-conformally flat on any nonempty open subset. The same conclusions hold for S?(1) x R"~2
in every dimension n > 3.
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2 An intrinsic proof

Lemma 1. For any Riemannian manifold with its Levi—-Civita connection, every distribution (1)
1s integrable.

Proof. On a convex neighborhood define the smooth endpoint energy

I .
Eol@) = 5 | (3w, (w) du
For an endpoint variation ¢(s) with ¢'(0) = w, put F(s,u) = 44 (u), T = 0,F, and V = OF.
Metric compatibility, torsion-freeness, and the geodesic equation yield

1 1
AByly(w) = [ WOVT.T)du= [ h(VrV.T) du

1
= VD] = | BV, VrT) du = hy(w,g(1)).
The initial endpoint is fixed, so V(s,0) = 0. For ¢ # p the terminal velocity is nonzero, and
therefore dE,(Y4(1)) = h(¥4(1),%4(1)) > 0. Thus DP = kerdE, on U \ {p}, and its integral
hypersurfaces are the regular level sets of E,. On sufficiently small normal neighborhoods these
are the geodesic spheres, since E,(q) = %dh(p, q)%. The variation argument itself applies on any
convex neighborhood in the question. O

Lemma 2. For a Levi—Clivita statistical structure, local 1-conformal flatness requires an endomor-
phism A at each point satisfying

R(X,Y)Z = h(Y, Z)A(X) — h(X, Z)A(Y). (3)

Proof. Write V' = grad;, ¢ and B(X,Y) = —h(X,Y)V for the difference tensor in (2). The curva-

ture transformation law gives

~

R(X,Y)Z = R(X,Y)Z + (VxB)(Y, Z) — (VyB)(X, Z)
+B(X7B(K Z)) - B(KB(Xa Z))
= R(X,Y)Z — (Y, Z2)A(X) + h(X, Z)A(Y),

where A(X) = VxV — h(X,V)V. Indeed, (VxB)(Y,Z) = —h(Y,Z)VxV and B(X,B(Y,Z2)) =
h(Y,Z)h(X,V)V. Setting R = 0 proves (3). O

Proof of Theorem 1. Metric compatibility gives VA = 0, so the structure is statistical and V* = V.
Lemma 1 gives the required integrability. At any point choose orthonormal vectors e, es tangent
to the unit sphere and e3 tangent to the line. Product curvature gives

R(ey1, e2)es = ey, R(eq,e3)e3 = 0.

If (3) held, these two equations would give respectively A(e;) = e; and A(e;) = 0, a contra-
diction. This excludes even an arbitrary endomorphism A, before imposing its differential form
in Lemma 2. The contradiction holds at every point. Additional Euclidean factors leave these
evaluations unchanged. O



For comparison, Kurose’s criterion [2, Proposition 1] identifies 1-conformal flatness with pro-
jective flatness of the dual connection with symmetric Ricci tensor. Here Ric = diag(1,1,0) in the
chosen frame. The projective Weyl tensor is

W(X,Y)Z = R(X,Y)Z — {Ric(Y, Z)X — Ric(X, Z)Y}, W(es,e1)er = —3es # 0.

This is an independent obstruction. Neither this criterion nor a classification theorem is needed for
the proof above.

3 A non-self-dual example

The failure is not confined to zero cubic tensor. Let ho = gg2(1) + dt?, VO = V" and define
hy =e'hg, VLYY = VLY +dt(X)Y +dt(Y)X. (4)

This is the standard statistical (—1)-conformal change printed in [3, p. 178, equation (2.1)], with
conformal factor t. It combines a projective change of connection with a conformal metric change.
We use it only to remove the possible restriction to self-dual examples; the deformation itself is
prior work.

Proposition 1. The structure (M, V!, hi) has nowhere zero cubic tensor and integrable radial
distributions for every center. Its dual is nowhere locally 1-conformally flat.

Proof. The connection is torsion-free, and direct differentiation gives
(Vih)(Y,Z) = —dt(X)h (Y, Z) = dt(Y ) (X, Z) — dt(Z)hi (X, Y). (5)

This is symmetric and has value —3e’ on (9;, 3, ;). The connections V! and V° have the same
unparametrized geodesics:
Viy = V34 + 2dt(¥)5.

The additional acceleration is tangent to the curve and is removed by a regular reparametriza-

tion. More explicitly, if u is a V%-affine parameter then a V'-affine parameter s satisfies ds/du =

Ce2(®) with ¢ > 0. This works on each compact geodesic segment. It identifies the unique

connecting paths in the corresponding convex neighborhoods. Since h; and hy have the same or-

thogonality relation, their radial distributions agree under this identification, so Lemma 1 applies.
The defining duality identity gives

(VH%Y = V&Y — ho(X,Y)0;.
For any local function %, its 1-conformal change is

VxY = (VH%Y — hi(X,Y) grady,, ¥
= V%Y — ho(X,Y) grady, (t + ¢).

If this were flat, it would be a flat 1-conformal change of (V°, hg), contrary to Theorem 1. O



Verification, attribution, and scope

The obstruction is elementary and the ingredients are classical. This note supplies an explicit
negative answer to the printed Question 3(e), with a short direct verification. We do not claim that
the Gauss lemma, the curvature criterion, or the construction in (4) is new.

Historical priority remains unresolved. The documented, bounded literature search found
no earlier explicit answer, but relevant sources remain uninspected: Kurose’s 1999 affine-realization
paper, Binder—Simon’s 2000 problem list, and the full content of Kurose’s 2016 talk on Gauss-type
lemmas and Hessian structures, among other citation leads. An earlier answer or implicit resolution
in those sources cannot be excluded. Accordingly, this preprint makes no first-resolution claim and
does not assert that the question remained open at publication. The live database annotations were
subsequently accessed; their machine-generated report is not evidence establishing priority. The
accompanying dated audits record search coverage and remaining gaps separately from the proof.

The accompanying standard-library Python checker solves the complete pointwise linear system
(3) in exact rational arithmetic. A separately implemented SymPy checker derives the Christoffel
symbols, curvature, transformation law, and cubic and dual tensors from hg = d6?+sin? 8 d¢? + dt>.
These checks supplement the proof; they do not replace its quantified first-variation argument or
constitute a proof-assistant formalization. No dimension-two claim or global foliation across cut
loci is needed.

AT disclosure. The candidate argument was supplied by the author as Al-generated work. This
manuscript, supporting computations, source audit, and separate adversarial Al reviews were pre-
pared with OpenAl Codex. This is an unrefereed preprint; Al reviews are not external human peer
review.
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